We calculate perturbative renormalization properties of the topological charge, using the standard lattice discretization given by a product of twisted plaquettes. We use the overlap and clover action for fermions, and the Symanzik improved gluon action for 4-and 6-link loops.
Introduction
Topological properties of QCD are among those most widely studied on the lattice. Various methods have been used to this end, involving renormalization, cooling, fermionic zero modes, geometric definitions, etc. In recent years, the advent of fermionic actions, such as the overlap, which do not violate chirality, has brought a new thrust to the subject.
In this work we compute the renormalization constants which are necessary in order to extract topological properties, in the "field theoretic" approach, from Monte Carlo simulations using Wilson or Symanzik improved gluons, and clover or overlap fermions.In particular, we compute the multiplicative renormalization Z Q of the topological charge density, to 1 loop in perturbation theory and the power divergent additive renormalization M(g 2 ) of the topological susceptibility, to 3 loops.
The main motivations for doing this work are:
• To enable comparison between different approaches used in studying topology, so that a coherent picture of topology in QCD may emerge.
• To enable studies, in numerical simulations, of quantities involving the density of topological charge, q(x), rather than only the integrated charge; this is necessary, e.g., for studying the spin content of nucleons.
• As a feasibility study in lattice perturbation theory: Indeed, this is the first 3-loop calculation involving overlap fermions.
Computation of Z Q
Our first task is to compute the the multiplicative renormalization Z Q [1] of the topological charge density q L (x) to one loop, using the background field method.We use the standard definition of q L , given by a product of twisted plaquettes
is the parallel transport matrix along a 1 × 1 Wilson loop; in standard notation
The classical limit of the operator shown in Eq.(1) must be corrected by including a renormalization function Z Q , which can be expressed perturbatively as
We perform a calculation of Z 1 ; this involves only the gluon part of the action. In the background field method, link variables are decomposed as
in terms of links for a quantum field and a classical background field, respectively
The N c × N c Hermitian matrices Q µ and B µ can be expressed as
The perturbative nature of our calculation requires a choice of gauge. An appropriate gauge-fixing term is
This term breaks gauge invariance with respect to Q µ , as it should, but succeeds in keeping the path integral as a gauge invariant functional of B µ . The definition of the lattice derivative, which is covariant with respect to background gauge transformations, is
The diagrams involved in the one-loop calculation of Z Q are shown in Figure 1 . External lines correspond to background fields.
We use the Symanzik improved gauge field action, involving Wilson loops with 4 and 6 links. In standard notation, it reads
The lowest order expansion of this action, leading to the gluon propagator, is (see, e.g., Ref. [2] )
where:
The coefficients C i are related to the Symanzik coefficients c i by
The Symanzik coefficients must satisfy: c 0 + 8c 1 + 16c 2 + 8c 3 = 1, in order to reach the correct classical continuum limit. Our calculations are performed without any assumptions on the values of the external momenta p 1 , p 2 : This is safest for the topological charge operator, otherwise one may easily end up with indeterminate expressions.
For our purpose, we must express all potentially divergent integrals I in terms of a continuum counterpart I cont (evaluated in D = 4 − 2ǫ dimensions), plus all lattice contributions I Latt . The latter are the ones which will determine Z Q . The three expressions shown below form a basis set for all the divergent integrals encountered in this calculation; we point out the need to handle also a 3-point form factor (C µν below) [3] B(a, p) = (ka) 2ǫ a 0
where γ E is Euler's constant, B, B µ , C µν are the continuum counterparts ofB,B µ ,C µν , respectively; P 1 , P 2 are [4] P 1 = 0.15493339023109021(1), P 2 = 0.02401318111946489 (1) and :
As we see, I Latt contains poles in ǫ; indeed, diagrams (c) and (d) of Figure 1 , taken separately, exhibit such poles ( (d) ∝ −1/ǫ − ln κ 2 a 2 ). These cancel, however, upon summation, as is expected by the fact that Q does not renormalize in the continuum. The complicated algebra of perturbation theory was carried out using our package in Mathematica. The calculation of Z Q is particularly involved in the present case, involving propagators and vertices from the improved gluonic action. In particular, the calculation of diagram (d) involves a summation of > 1 000 000 different algebraic expressions at intermediate stages.
Our results for Z Q are listed in Table I . In all calculations that involve the parameters c i , we choose a standard set of values as in Ref. [2] . The choice of the sets of parameters correspond to the most popular actions: The first set corresponds to the plaquette action, the second set corresponds to the tree-level Symanzik improved action [5] and the next 6 sets correspond to the tadpole improved Lüscher-Weisz (TILW) action [6, 7] The last two sets correspond to the Iwasaki [8] and DBW2 [9] actions respectively.
In the case of the plaquette action, our result agrees with the known result of Ref. [1] .
It is worth noting that the value of Z 1 (and of e 3 in Table II) for the DBW2 action is the smallest one, leading to a renormalization factor Z Q closer to 1 (and M(g 2 ) closer to 0, see below. This would single out the DBW2 action as a better candidate for studies of topology.
Computation of M(g 2 )
The second task we attend to is the calculation of the power additive renormalization of the topological charge susceptibility, which is defined as
χ L develops an unphysical background term which becomes dominant in the continuum limit
The power divergent additive renormalization of χ L can be written perturbatively as M(g 2 ) = e 3 · g 6 + e 4 · g 8 + · · · (17)
We first compute the 2-loop coefficient e 3 . This result is evaluated for several sets of values of the Symanzik improvement coefficients. Figure 2 shows the diagram contributing to e 3 . 
where e f 4 stands for the fermionic contribution to e 4 (c SW is the coefficient in the clover action)
and e g 4 is the purely gluonic contribution, which is expressed as in Ref. [10] e g 4 =
In fact, what we are interested in, is the calculation of the parameters e 4,0 , e 4,1 , e 4,2 . This task is performed using both overlap and clover fermions (Clearly, overlap fermions involve only the parameter e 4,0 ). Figure 3 shows the 3-loop diagrams contributing to the evaluation of e f 4 . The propagator and vertices for overlap fermions can be obtained from the following expression of the overlap action
where D N is the massless Neuberger-Dirac operator [11] 
M 0 is a real parameter corresponding to a negative mass term. M 0 must lie in the range 0 < M 0 < 2r, r being the Wilson parameter (in our case r = 1). X is a Hermitian operator which can be expressed, in momentum space, in terms of the Wilson-Dirac operator D W
with : V 1,µ (q) = iγ µ cos aq µ + r sin aq µ and : X 2 (q, p) = g 2 2
The clover (SW) fermionic action [12] , in standard notation, reads
where :
and :
The clover coefficient c SW is treated here as a free parameter; r is the Wilson parameter; f is a flavor index; σ µν = (i/2)[γ µ , γ ν ]. Powers of the lattice spacing a have been omitted and may be directly reinserted by dimensional counting.
In performing this calculation, a large effort was devoted to the creation of an efficient 3-loop "integrator", that is, a metacode for converting lengthy 3-loop integrands into efficient code for numerical integration. The output code of the integrator precalculates a number of time-consuming common ingredients (Symanzik propagator, overlap expressions, etc.), exploits symmetries of the integration region, integrates in parallel over non-overlapping loops, organizes the integrand as an inverse tree for optimized evaluation of innermost loops, etc. 17)) for different gluonic actions. Fermions do not contribute here. Our results for the case of the plaquette action agree with older known results (see, e.g., [13] ). Tables III and IV list our results for e 4 , using the clover and overlap actions, respectively. Figure 4 shows the coefficients e 4,0 , e 4,1 , e 4,2 of the clover result for different values of the bare fermion mass m. For ease of reference, Figure 5 presents the total values of e 4 for different choices of c SW , with N f = 2, N c = 3. Figure 6 exhibits the dependence of e 4,0 , using the overlap action, on the parameter M 0 . The total value of e 4 in this case is shown in Figure 7 .
The results presented in this work can be used to enhance a number of related computations. In some cases, the local definition of q L (x) is used (e.g., [14] ), with renormalization estimates coming from simulations; other investigations, propose non-ultralocal definitions of q(x) (e.g., [15] ), which clearly are more expensive to simulate, but can circumvent renormalization; in yet other cases, operational/numerical definitions of q(x) are proposed (e.g., [16] ). It would be very important to verify that a consistent picture of topology in QCD emerges from the various approaches. 
